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Homological stability for moduli spaces of disconnected submanifolds, II
Symmetric diffeomorphism groups and parametrised connected sum
Martin Palmer / 19th July 2018
Abstract
In Part I (arXiv:1805.03917) we showed that the moduli spaces CnP (M ;G) of n mutually
isotopic embedded copies of a closed manifold P in a connected, open manifoldM parametrised
modulo an open subgroup G 6 Diff(P ) are homologically stable as n→∞, as long as a certain
condition on the relative dimensions of M and P is satisfied.
In Part II (this paper) we use this to deduce homological stability results for symmetric
diffeomorphism groups of manifolds, with respect to the operation of parametrised connected
sum (for example, surgery). As a special case of this, we see that the diffeomorphism groups
of manifolds with certain conical singularities are homologically stable with respect to the
number of singularities of a fixed type.
To do this, we first extend the main result of Part I to moduli spaces of disconnected labelled
submanifolds — in which the components of the submanifolds are equipped with labels in a
fibration over an embedding space. This in turn is a corollary of twisted homological stability
for CnP (M ;G) with finite-degree coefficients, which we prove using the main (untwisted) result
of Part I as an input.
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1. Introduction
For any connected, open manifold M , the sequence Cn(M) of unordered configuration spaces of
points in M is homologically stable: there are maps Cn(M) → Cn+1(M) inducing isomorphisms
on integral homology in a range of degrees that goes to infinity as n → ∞. This was proved first
for M = R2 by Arnol’d [Arn70] and in general by McDuff and Segal [Seg73; McD75; Seg79].
In Part I [Pal18a] we showed that this property also holds for “configuration spaces” CnP (M) of
embedded copies of a fixed closed manifold P in M , as long as dim(P ) 6 12 (dim(M)− 3).
2010 Mathematics Subject Classification: 55R40, 55R80, 57N20, 57S05, 58B05.
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The aim of this paper is to apply this fact to deduce homological stability for the (symmetric) diffeo-
morphism groups of certain sequences of manifolds, which are constructed by iterated parametrised
connected sum or by adding conical singularities of a fixed type.
1.1. Parametrised connected sum
Definition 1.1 Given two smooth embeddings f : L →֒M and g : L →֒ N with isomorphic normal
bundles, we may form the parametrised connected sum of M and N along L as follows. It depends
also on the choice of a bundle isomorphism θ : ν(f) ∼= ν(g) between the two normal bundles.
First choose a metric on the vector bundle ν(f) → L and tubular neighbourhoods f¯ : ν(f) →֒ M
and g¯ : ν(g) →֒ N . (This is a contractible choice.) For a vector bundle E with a metric and an
interval I ⊆ [0,∞), write EI for the subbundle consisting of all vectors with norm in I.
The parametrised connected sum M♯LN is formed by removing the neighbourhood f¯(ν(f)[0,1])
of f(L) from M and the neighbourhood g¯(ν(g)[0,1]) of g(L) from N and then gluing together the
slightly larger neighbourhoods f¯(ν(f)(1,2)) and g¯(ν(g)(1,2)) by θ ◦ σ, where σ is the involution of
ν(f)(1,2) that acts radially on each fibre, sending vectors of norm r to vectors of norm 3− r. This
may be written as a pushout diagram:
ν(f)(1,2)
M r f¯(ν(f)[0,1])
N r g¯(ν(g)[0,1])
M♯LN
f¯ ◦ σ
g¯ ◦ θ
When L is a point, this recovers the usual definition of connected sum of two manifolds.
Remark 1.2 This should not be confused with the parametric connected sum, defined on page 264
of [Sko07]. Although the operation defined there is indeed an example of a parametrised connected
sum (along a sphere with trivialised normal bundle) in the sense of Definition 1.1 above, the term
parametric refers to the fact that everything (the two initial manifolds as well as their connected
sum) is additionally equipped with an embedding into Euclidean space, which is not the case in
Definition 1.1.
Example 1.3 Take g to be the standard inclusion of Sp into Sm, for p < m and let M have
dimension m. Since ν(g) is trivial, an embedding f : Sp →֒M together with a bundle isomorphism
θ as in Definition 1.1 is the same thing as a framed embedding. The parametrised connected sum
of M with Sm along Sp is the result of p-surgery along this framed embedding.
Example 1.4 Take N to be the lens space L(p, q), thought of as the union of two solid tori along
a certain identification of their boundaries, and take g : S1 →֒ L(p, q) to be the inclusion of the
core of one of these solid tori. As in the previous example, ν(g) is trivial. Given a framed knot in
a 3-manifold M , the parametrised connected sum of M with L(p, q) along this knot is the result
of Dehn surgery of slope p/q along this knot.
The main result of this paper is homological stability for the symmetric diffeomorphism groups
of certain sequences of manifolds of the form M♯LN♯LN♯L · · · , where we take the parametrised
connected sum along a sequence of pairwise disjoint, mutually isotopic embeddings of L into M .
See Definition 2.2 below for a precise definition, using slightly different notation.
1.2. Results
Let M be a connected m-manifold with boundary and P a closed p-manifold. Choose embeddings
P →֒ ∂M and P →֒ N , where N is another compact m-manifold. Assume that the normal bundles
of these embeddings (after pushing the first one into the interior of M) are isomorphic, and choose
an isomorphism between them. We may then define
M ♯
nP
nN
Martin Palmer p. 2 // 28
Homological stability for moduli spaces of disconnected submanifolds, II
to be the result of performing n parametrised connected sum operations, each with a different copy
of N , along pairwise disjoint embeddings of P into a collar neighbourhood of M , parallel to the
chosen embedding into its boundary. (See Definition 2.2.)
Definition 1.5 (Informal) A diffeomorphism of this manifold is called symmetric if it preserves,
setwise, the decomposition into (a) M minus n tubular neighbourhoods of P and (b) n copies of
N minus a tubular neighbourhood of P . Moreover, on the intersection of (a) and (b), it must act
by fibrewise diffeomorphisms of the tubular neighbourhood (and permutations). We also require
it to act by the identity on a neighbourhood of ∂M .
Write Difffib(T ) for the group of fibrewise diffeomorphisms of the tubular neighbourhood (normal
bundle) T → P , namely those diffeomorphisms of T that cover some diffeomorphism of P . We
may more generally fix a subgroup H 6 Difffib(T ) and say that a diffeomorphism is H-symmetric
if it acts by H (and permutations) on the intersection of (a) and (b). We write
ΣHDiff(M ♯
nP
nN)
for the group of H-symmetric diffeomorphisms, and we omit the subscript H if it is the whole
group Difffib(T ). See Definition 3.1 for the precise definition.
Since M has boundary, and symmetric diffeomorphisms are required to fix a neighbourhood of it
pointwise, there is an inclusion
M ♯
nP
nN −֒→M ♯
(n+1)P
(n+ 1)N,
given by extending the collar neighbourhood of ∂M and performing another parametrised con-
nected sum with N along an embedding of P into this extension, and a homomorphism
ΣHDiff(M ♯
nP
nN) −→ ΣHDiff(M ♯
(n+1)P
(n+ 1)N), (1.1)
given by extending symmetric diffeomorphisms by the identity. Our main result will hold under
the following – somewhat technical – hypotheses (see also §5):
(a) The dimensions p and m satisfy p 6 12 (m− 3).
(b) Let z : Difffib(T )→ Diff(P ) be the homomorphism that sends a fibrewise diffeomorphism to
the diffeomorphism of P that it covers. Then z(H) is open in Diff(P ) and H∩ker(z) is closed
in ker(z). Moreover, we assume that the coset space ker(z)/(H ∩ ker(z)) is path-connected.
(c) Every diffeomorphism in H (thought of as a diffeomorphism of a tubular neighbourhood of
P in N) extends to the whole manifold N .
We will discuss these hypotheses more in §1.3, but first we state the main results of the paper.
Theorem A [page 9] Under these hypotheses, the homomorphism (1.1) induces isomorphisms on
homology up to degree n2 − 1 and split-injections in all degrees.
Note When we speak of the homology of a diffeomorphism group, we will always mean the ho-
mology of its classifying space (as a topological group, equipped with the Whitney C∞ topology).
In §8 we reinterpret a special case of this as a result about diffeomorphism groups of manifolds
with conical singularities. Write ∂T for the boundary of the disc bundle T → P , in other words,
the unit sphere bundle of the normal bundle of our chosen embedding of P into M . The group
of fibrewise diffeomorphisms of T is naturally a subgroup of Diff(∂T ), and therefore so is H . In
§8.4 we construct a sequenceMn of manifolds with conical singularities of “type” ∂T by collapsing
tubular neighbourhoods of embedded copies of P in M . There is an inclusionMn →֒Mn+1, which
may be thought of as adjoining a new singularity of type ∂T , and a homomorphism
Diff∂TH (Mn) −→ Diff
∂T
H (Mn+1) (1.2)
given by extending diffeomorphisms by the identity. The notation Diff∂TH ( ) means the group of
diffeomorphisms of a manifold with conical ∂T -singularities that act by the cone on H near each
singularity. See Definition 8.4 for more precise details.
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Corollary C [page 22] Under the hypotheses (a) and (b) above, the homomorphism (1.2) induces
isomorphisms on homology up to degree n2 − 1 and split-injections in all degrees.
These are proved as corollaries of an extension of the main theorem of Part I [Pal18a]. Let G
be a subgroup of Diff(P ) and let CnP (M ;G) be the space whose points consist of an unordered
collection of pairwise disjoint submanifolds in the interior of M that are each diffeomorphic to P
and parametrised modulo G, and such that the whole collection is isotopic to a standard collection
of parallel copies of P in a collar neighbourhood of ∂M . The main theorem of [Pal18a] is that this
sequence is homologically stable as n→∞, as long as:
(a) The dimensions p and m satisfy p 6 12 (m− 3).
(b*) The subgroup G 6 Diff(P ) is open.
In this paper we extend this result to moduli spaces of labelled disconnected submanifolds. Let Z
be a right G-space and π : Z → Emb(P,M) a G-equivariant Serre fibration with path-connected
fibres (plus some auxiliary data; see §6 for the precise definitions). Then CnP (M,Z;G) is the space
of submanifolds of the interior of M (as above) that are equipped with labels in the appropriate
fibres of Z/G.
Theorem B [page 11] There are natural stabilisation maps CnP (M,Z;G) → C(n+1)P (M,Z;G)
that induce split-injections on homology in all degrees, and – under the hypotheses (a) and (b*) –
isomorphisms up to degree n2 − 1.
This, in turn, follows from the fact that the sequence CnP (M ;G) of (unlabelled) moduli spaces is
homologically stable also with respect to (polynomial) twisted coefficient systems:
Theorem D [page 23] The stabilisation maps CnP (M ;G)→ C(n+1)P (M ;G) induce split-injections
on homology twisted by any polynomial functor T . Under the hypotheses (a) and (b*), if T has
finite degree d, they induce isomorphisms on homology twisted by T up to degree n−d2 .
See §9 for the definition of “polynomial functor” (“finite-degree twisted coefficient system”) in
this context. We prove this twisted homological stability result as a consequence of the untwisted
homological stability result of [Pal18a], adapting the techniques of [Pal18b] to do so.
In summary, the sequence of implications that we prove is:
[Pal18a] Theorem D Theorem B Theorem A Corollary C.
§9 and
[Pal18b]
§10 §7 §8
Remark 1.6 In the special case where P is a point, Theorem A is Theorem 1.3 of [Til16], and
states that the symmetric diffeomorphism groups of a sequence of manifolds obtained by iterated
connected sum (in the usual sense) is homologically stable. When P is a point, the manifolds Mn
considered in Corollary C are in fact non-singular, since in this case ∂T = Sm−1, and a singularity
whose link (type) is a sphere is actually not a singularity. However, Mn is still a manifold with
marked points, so in this case Corollary C is homological stability for diffeomorphism groups of
manifolds with marked points, with respect to the number of marked points: this is Theorem 1.1
of [Til16].
Remark 1.7 In the special case where P →֒ N is the inclusion Sp →֒ Sm (see Example 1.3),
Theorem A is homological stability for the symmetric diffeomorphism groups of a sequence of
manifolds obtained from M by iterated p-surgery along a collection of pairwise disjoint, mutually
isotopic, framed embeddings Sp ×Dm−p →֒M , for p 6 12 (m− 3).
1.3. The hypotheses
Remark 1.8 The dimension condition (a) is not used in any of the proofs of the four implications
in the diagram above; the only place where it is used is in the proof of homological stability for
CnP (M ;G) in [Pal18a].
1 Thus we may apply the same implications to the main result of [Kup13]
1 And in that paper it is used exactly twice: once in the proof of Proposition 5.23 and once on page 34 in order
to use Lemma 5.29. Technically it is also used in Remark 5.28, but all that is really used there is that p 6 m− 3.
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instead of [Pal18a], with the result that Theorems A, B, D and Corollary C are also true if the
dimension assumption (a) is replaced with the assumption that P = S1, M is a 3-manifold and
the embedding P = S1 →֒ ∂M extends to a 2-disc.
Remark 1.9 The subgroup condition (b) is always satisfied if we take H to be the full group
Difffib(T ) of fibrewise diffeomorphisms of T . This is because the map Difffib(T )→ Diff(P ), given
by restriction along the zero-section, is a fibre bundle, so its image is open.
Remark 1.10 When P is a point, the fibrewise diffeomorphism group is the orthogonal group
O(m), and condition (b) says that H must be a closed subgroup of O(m), not contained in SO(m).
Condition (c) says that any element of H must extend to a diffeomorphism of N . If P is a point
and H ⊆ SO(m), then this is always possible. However, in view of condition (b), we know that
H must not be contained in SO(m), and in this case condition (c) is satisfied if and only if N is
either non-orientable or admits an orientation-reversing diffeomorphism.
1.4. Stable homology
Knowing that a sequence of groups or spaces is homologically stable motivates the question of
identifying the stable homology of the sequence, i.e. the colimit of the homology of the sequence.
As far as the author is aware, this question is open, both for symmetric diffeomorphism groups
(corresponding to TheoremA) and for diffeomorphism groups of manifolds with conical singularities
(corresponding to Corollary C). However, the stable homology in the latter case may be related
to the work of Perlmutter [Per15; Per13] on cobordism categories of manifolds with Baas-Sullivan
singularities.
For a discussion of the question of identifying the stable homology of CnP (M ;G), see §〈vi.〉 of the
introduction to Part I [Pal18a].
Remark 1.11 Since the first version of [Pal18a] was posted to the arXiv, the author has been
informed of forthcoming work of Griffin and Hatcher on the integral homology (in all degrees,
not just the stable range) of a space closely related to CnS1(D
3). Here, we suppress mention of
the subgroup G 6 Diff(S1), which we take to be the full group of diffeomorphisms, so this is the
moduli space of unoriented n-component unlinks in R3. This has a subspaceRn of all unlinks whose
components are all round (a rotation, translation and dilation of the standard inclusion of S1 into
R3), and it is shown in [BH13] that the inclusion Rn →֒ CnS1(D
3) is a homotopy equivalence. If we
write R˜n for the ordered version of this space, where the components of the unlink are numbered
by {1, . . . , n}, there is a fibration R˜n → (RP
2)n given by remembering just the normal vectors of a
configuration of round circles. The fibre is the space of ordered configurations of pairwise disjoint
round circles in R3 that are each contained in R2×{h} for some h ∈ R. The forthcoming result of
Griffin and Hatcher is a computation of the integral homology of this fibre.
1.5. Mapping class groups
In §5 of [Til16] it is shown how to modify the methods of that paper — whose main result is
homological stability for symmetric diffeomorphism groups of manifolds with respect to connected
sum at a point — to prove homological stability instead for the symmetric mapping class groups,
in other words, the (discrete) groups of path-components of the symmetric diffeomorphism groups.
This depends on knowing homological stability for the fundamental groups π1(Cn(M)) of configu-
ration spaces (instead of homological stability for the configuration spaces themselves) as an input
for the argument. The reason why π1(Cn(M)) is homologically stable is:
(i) If M is a surface (which we are assuming to be connected and with non-empty boundary),
then Cn(M) is an aspherical space, so its homology is the same as the homology of its
fundamental group.
(ii) If dim(M) > 3, then Cn(M) is not aspherical, but its fundamental group nevertheless has a
configuration space model for its classifying space. Namely, π1(Cn(M)) decomposes as the
wreath product π1(M) ≀Σn, as shown in Lemma 4.1 of [Til16], and a model for the classifying
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space of this wreath product is the labelled configuration space Cn(R
∞, Bπ1(M)), which is
homologically stable.
When P 6= pt, homological stability is in general not known for the motion groups π1(CnP (M)).
We are not aware of any CnP (M) that is aspherical, except when P is a point and M is a surface,
so argument (i) does not help us. In particular, the moduli spaces CnS1(D
3) are not aspherical.
However, their fundamental groups nevertheless are known to be homologically stable, by different
means: they are isomorphic to certain quotients of mapping class groups of 3-manifolds, and a
special case of the main result of [HW10] implies that they are homologically stable. We may
therefore adapt the methods of the present paper, as in §5 of [Til16], using as input the result of
[HW10], to deduce homological stability for the symmetric mapping class groups of any sequence
of 3-manifolds obtained from D3 by iterated parametrised connected sum (with copies of a fixed
manifold) along the components of an unlink.
It seems likely that argument (ii) above, i.e. the argument of §4 of [Til16], could be extended to
obtain homological stability for the motion groups π1(CnP (M)) whenever the codimension of P in
M is at least three, and then to deduce homological stability for symmetric mapping class groups
with respect to iterated parametrised connected sum along submanifolds of codimension at least
three.
Outline. In sections 2 and 3 we give precise definitions of iterated parametrised connected sum
and symmetric diffeomorphism groups. Then in the short sections 4 and 5 we explain how to
define stabilisation maps and state our first main result, Theorem A. In section 6 we give a careful
definition of the notion of moduli spaces of disconnected labelled submanifolds that we will need,
and state Theorem B. In sections 7–10 we prove our main results, as explained in the diagram of
implications from §1.2, which we repeat here for convenience:
[Pal18a] Theorem D Theorem B Theorem A Corollary C,
§9 and
[Pal18b]
§10 §7 §8
where the longest and most delicate step is the deduction in §7 of Theorem A from Theorem B.
Acknowledgements. The author would like to thank Federico Cantero Morán, Søren Galatius,
James Griffin, Allen Hatcher, Geoffroy Horel, Alexander Kupers, Oscar Randal-Williams and Ulrike
Tillmann for many enlightening discussions during the preparation of this article.
2. Iterated parametrised connected sum
Let M be a smooth connected m-dimensional manifold with boundary and write
Mˆ = M ∪
∂M×[0,∞]
(∂M × [−1,∞]),
where ∂M × [0,∞] is considered as a subspace ofM via a choice of collar neighbourhood, namely a
proper embedding col : ∂M×[0,∞] →֒M sending ∂M×{0} to ∂M by the obvious map. Also let N
be a smooth compact m-dimensional manifold and P be a smooth closed p-dimensional manifold.
Fix embeddings
i : P −֒→ ∂M ⊆ Mˆ,
j : P −֒→ N˚ = int(N),
assume that the normal bundles νi → P and νj → P are isomorphic, and choose an isomorphism
between them. Choose a metric on the bundle νi so that its structure group is O(m− p), and give
νj the corresponding metric via the chosen isomorphism. Let D(νi) ⊆ νi and D(νj) ⊆ νj denote
the subbundles consisting of vectors of norm at most one. We implicitly identify D(νi) and D(νj)
via the chosen isomorphism, and write
ξ : T = D(νi) = D(νj) −→ P,
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which is a fibre bundle with fibres diffeomorphic to the closed disc Dm−p and structure group
O(m − p). Write o : P →֒ T for the zero-section. We now also choose tubular neighbourhoods for
νi and νj , namely embeddings
τi : T −֒→ Mˆ,
τj : T −֒→ N˚,
such that i = τi ◦ o and j = τj ◦ o, and assume that τi(T ) ⊆ ∂M × (−
1
2 ,
1
2 ) ⊂ Mˆ . We may define
an embedding
Φ: nT = {1, . . . , n} × T −֒→ M˚
of n disjoint, parallel copies of the tubular neighbourhood T in the interior of M by
Φ(α, x) = τi(x) + α−
1
2 ,
where for r ∈ [0,∞) the notation + r denotes the self-map ∂M × [−1,∞]→ ∂M × [−1,∞] given
by the identity on ∂M and adding r in the second coordinate.
Notation 2.1 For a space X , we will henceforth use the notations nX and {1, . . . , n} ×X inter-
changeably. We will also write nˆX for {0, . . . , n} ×X . Note that nˆX ) nX !
Definition 2.2 With this data, we may form the parametrised connected sum
M ♯
nP
nN = (M r Φ(nT ′)) ∪
n(T˚rT ′)
n(N r τj(T
′)),
where T˚ → P is the interior of T , equivalently the subbundle of vectors of length less than 1, and
T ′ → P is the subbundle of T of vectors of length at most one half. The union is formed along
n(T˚ rT ′), which is viewed as a subspace of M rΦ(nT ′) via Φ, and as a subspace of n(N r τj(T
′))
via id× τj precomposed with the involution of T˚ rT
′ = ∂T × (0.5, 1) given by (x, t) 7→ (x, 1.5− t).
Remark 2.3 The boundary of the parametrised connected sum is ∂
(
M ♯
nP
nN
)
∼= ∂M ⊔ n(∂N).
3. Symmetric diffeomorphism groups
Recall that we have a disc bundle ξ : T → P with structure group O(m− p). Let
Difffib(T ) 6 Diff(T )
denote the subgroup of diffeomorphisms ϕ such that ξ ◦ϕ = ϕ¯ ◦ ξ for some diffeomorphism ϕ¯ of P
and ϕ restricts to a linear isometry on each fibre of ξ. Write
z : Difffib(T ) −→ Diff(P )
for the continuous homomorphism given by ϕ 7→ ϕ¯, equivalently, by restricting fibrewise diffeo-
morphisms of T to P via the zero-section of ξ. Its kernel is the group of bundle automorphisms of
ξ. Choose a subgroup
H 6 Difffib(T ),
and write G = z(H) 6 Diff(P ) and K = H ∩ ker(z) 6 ker(z).
Definition 3.1 The symmetric diffeomorphism group ΣHDiff(M ♯
nP
nN) 6 Diff(M ♯
nP
nN) consists
of those diffeomorphisms that are the identity on a neighbourhood of ∂M , send the submanifold
n(T˚ r T ′) ⊂ M ♯
nP
nN
to itself setwise and act on this submanifold through the wreath product H ≀ Σn.
The subgroup ΣHDiff(M,nT ) of Diff(M) consists of those diffeomorphisms that are the identity
on a neighbourhood of the boundary, send the submanifold
Φ(nT ) ⊂ M
to itself setwise and act on this submanifold through the wreath product H ≀ Σn.
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Remark 3.2 Each diffeomorphism of ΣHDiff(M,nT ) is determined by its restriction to the sub-
manifold MΦ = M r Φ(nT˚ ), whose boundary splits as ∂MΦ = ∂M ⊔ Φ(n∂T ), so it may also be
viewed as the subgroup of Diff(MΦ) of diffeomorphisms that act by the identity on a neighbour-
hood of ∂M ⊂ ∂MΦ and by H ≀ Σn on Φ(n∂T ) ⊂ ∂MΦ. We will call this the boundary-permuting
diffeomorphism group of MΦ. See §8 for another interpretation in terms of manifolds with conical
singularities.
Remark 3.3 There is a continuous homomorphism
ΣHDiff(M ♯
nP
nN) −→ ΣHDiff(M,nT ) (3.1)
given by restricting a diffeomorphism toMrΦ(nT ′) and then extending toM by extending linearly
across each fibre of ξ : T → P . Similarly, there is a continuous homomorphism
ΣHDiff(M ♯
nP
nN) −→ DiffH(N) ≀Σn,
where DiffH(N) 6 Diff(N) denotes the subgroup of diffeomorphisms that send the submanifold
τj(T ) ⊂ N to itself setwise and act on it through the subgroupH 6 Diff(T ). These homomorphisms
fit into the following pullback square of topological groups:
ΣHDiff(M ♯
nP
nN) DiffH(N) ≀ Σn
ΣHDiff(M,nT ) H ≀Σn
(3.2)
Via this description, we could generalise the notion of symmetric diffeomorphism group, exactly
as on page 133 of [Til16] (the diagram (3.2) corresponds exactly to the diagram at the top of that
page), by replacing DiffH(N) with an arbitrary topological group L equipped with a surjective
2
continuous homomorphism L→ H , and then taking the pullback of the diagram
ΣHDiff(M,nT ) −→ H ≀Σn ←− L ≀ Σn.
The results of this paper hold also in this higher level of generality, but for concreteness we will
stick to the symmetric diffeomorphism groups as defined above, with L = DiffH(N) for some
manifold N equipped with an embedding T →֒ N˚ .
Remark 3.4 Up to a canonical homotopy equivalence, the boundary-permuting diffeomorphism
group ΣHDiff(M,nT ) is a special case of the symmetric diffeomorphism group ΣHDiff(M ♯
nP
nN).
To see this, let us fix the initial data of an embedding i : P →֒ Mˆ whose image lies in ∂M ⊂ Mˆ , a
metric on the normal bundle νi → P of this embedding and a tubular neighbourhood T = D(νi) →֒
Mˆ . Together with a choice of subgroup H 6 Difffib(T ), this determines the group ΣHDiff(M,nT ).
We are now free to choose any compact m-dimensional manifold N , an embedding j : P →֒ N˚ and
isomorphism νi ∼= νj . In particular, we may choose N = D2(νi), the total space of the subbundle
of νi consisting of all vectors of norm at most two, and let j : P →֒ N˚ = D˚2(νi) be the zero-section.
The normal bundles νi and νj are then canonically isomorphic. We also have to choose a tubular
neighbourhood
T = D(νj) −֒→ D˚2(νj) = N˚,
which we simply take to be the inclusion. It is then easy to see that, in this case, the parametrised
connected sumM ♯
nP
nD2(νi) deformation retracts onto its submanifoldMΦ (cf. Remark 3.2). More-
over, in this case, the continuous homomorphism (3.1) admits a continuous, homomorphic section
given by extending fibrewise automorphisms of D(νi) → P linearly to D2(νi) → P , and this is a
homotopy inverse (in the 2-category of topological groups) for (3.1).3
2 We will shortly impose the assumption that DiffH(N)→ H is surjective, in other words, that each element of
H 6 Diff(T ) may be extended over N . We do not, however, need this extension to preserve composition, i.e. we do
not require this surjection to split.
3 Here it is important that, in Definition 3.1, we require symmetric diffeomorphisms to act as the identity near
∂M , but there is no condition on how they act near the rest of the boundary of M ♯
nP
nN , i.e. the n copies of ∂N .
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4. Stabilisation maps
We may extend Φ to an embedding
Φˆ : nˆT = {0, . . . , n} × T −֒→ Mˆ
defined by the same formula Φˆ(α, x) = τi(x) + α −
1
2 as before. In other words, we adjoin the
embedding τi −
1
2 to Φ. Using this Φˆ and n+ 1 copies of the tubular neighbourhood τj : T →֒ N
we define
M ♯
nˆP
nˆN = (Mˆ r Φˆ(nˆT ′)) ∪
nˆ(T˚rT ′)
nˆ(N r τj(T
′))
as above, as well as groups ΣHDiff(M ♯
nˆP
nˆN) and ΣHDiff(M, nˆT ) and a continuous homomorphism
ΣHDiff(M ♯
nˆP
nˆN) −→ ΣHDiff(M, nˆT ).
Extending diffeomorphisms by the identity along the inclusion M ♯
nP
nN −֒→ M ♯
nˆP
nˆN , we obtain
the horizontal maps in the commutative square
ΣHDiff(M ♯
nP
nN) ΣHDiff(M ♯
nˆP
nˆN)
ΣHDiff(M,nT ) ΣHDiff(Mˆ, nˆT )
(4.1)
of topological groups. These are the stabilisation maps.
5. Homological stability for symmetric diffeomorphism groups
We now make three assumptions (cf. §1.3).
(a) The dimensions p and m satisfy p 6 12 (m− 3).
(b) The subgroup G = z(H) 6 Diff(P ) is open and K 6 ker(z) is closed. Moreover, we assume
that the coset space ker(z)/K is path-connected.
(c) Every diffeomorphism in H extends across N . More precisely, given any h ∈ H 6 Diff(T ),
there exists a diffeomorphism ϕ of N such that ϕ(τj(T )) = τj(T ) and ϕ|τj(T ) = τj ◦ h ◦ τ
−1
j .
In the notation of Remark 3.3, this says that the continuous homomorphism DiffH(N)→ H
is surjective (but not necessarily split).
The first main result of this paper is the following theorem.
Theorem A Under these assumptions, the two horizontal morphisms in (4.1) induce split-injections
on homology in all degrees and isomorphisms in degrees ∗ 6 n2 − 1.
Remark 5.1 If we take coefficients in a field or Q/Z, the range of surjectivity improves to ∗ 6 n2 .
6. Moduli spaces of labelled disconnected submanifolds
We will deduce Theorem A from a generalisation of the main theorem of [Pal18a], so we will first
state this generalisation precisely (see Theorem B on page 11).
Notation 6.1 By construction of Mˆ , there is a smooth embedding
coˆl : ∂M × [−1,∞] −֒→ Mˆ.
For any r ∈ [−1,∞) we will write M(r) = Mˆ r coˆl([−1, r]) and M [r] = Mˆ r coˆl([−1, r)).
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Definition 6.2 Write Diff [−1,1](R) for the topological group of diffeomorphisms R → R whose
support is contained in [−1, 1] ⊂ R. There is an evaluation map
ev0 : Diff [−1,1](R) −→ (−1, 1)
taking ϕ to ϕ(0), which is a fibre bundle. We now make some choices that will be used in several
constructions in this section and in subsequent sections. First, we choose an odd4 diffeomorphism
θ : R → (−1, 1). Second, we choose a lift θ¯ : R → Diff [−1,1](R) of θ (i.e. ev0 ◦ θ¯ = θ) that is also a
homomorphism with respect to addition on R and composition of diffeomorphisms.
Remark 6.3 Given θ, one may try to define θ¯(r) : R→ R on t ∈ (−1, 1) by
θ¯(r)(t) = θ(θ−1(t) + r)
and extend by the identity outside of (−1, 1). This will work as long as the function so defined
is smooth at t = 1, which depends on how well θ has been chosen. For example, if we only care
about C1 diffeomorphisms, the function θ(t) = 2
π
arctan(t) would work for this construction of θ¯.
Definition 6.4 Recall that we chose an embedding i : P →֒ ∂M . For any r ∈ R we denote the
shifted embedding
coˆl ◦ (i(−), θ(r)) : P −֒→ Mˆ
by ir and we define a diffeomorphism
shr : Mˆ −→ Mˆ
by shr(coˆl(x, t)) = coˆl(x, θ¯(r)(t)) and shr(x) = x if x ∈ Mˆ is not in the image of coˆl.
Now write E = Emb(P, Mˆ). There is a continuous group homomorphism γ : R→ Homeo(E) given
by γ(r)(ϕ) = shr ◦ϕ. Moreover, since G 6 Diff(P ) acts on E by precomposition, and γ(r) acts by
postcomposition, we in fact have a continuous group homomorphism
γ : R −→ HomeoG(E)
into the topological group of G-equivariant self-homeomorphisms of E. Note that γ(r)(is) = ir+s
for all r, s ∈ R.
Input 6.5 Now we fix the additional input data needed to define moduli spaces of disconnected
submanifolds with labels (see Definition 6.6). Choose a G-equivariant Serre fibration π : Z → E
and a continuous homomorphism
γ¯ : R −→ HomeoG(Z)
such that π ◦ γ¯(r) = γ(r) ◦ π for all r ∈ R. Also choose a basepoint ı¯0 ∈ Z such that π(¯ı0) = i0.
For any r ∈ R, define ı¯r = γ¯(r)(¯ı0) and note that π(¯ır) = ir.
(The purpose of the data (γ¯, ı¯0) is to allow us to lift the operation of “shifting” an embedding via
shr ◦ − from the space of embeddings to the total space Z of the fibration.)
Definition 6.6 (Moduli spaces of labelled disconnected submanifolds) Fix a subgroup G 6 Diff(P )
as above. Then πn : Zn → En is a (G ≀ Σn)-equivariant fibration. Let πn : Zn → Emb(nP,M(0))
be its restriction to the (G ≀ Σn)-invariant subspace Emb(nP,M(0)) ⊂ E
n. We then define
CnP (M,Z;G) =
(
Zn/(G ≀ Σn)
)
{[ı¯1],...,[ı¯n]}
,
the path-component of the quotient Zn/(G≀Σn) ⊆ Sp
n(Z/G) containing the element {[¯ı1], . . . , [¯ın]}.
Similarly, we may restrict πn+1 to the subspace Emb(nˆP,M(−1)) ⊂ En+1 to obtain a (G ≀Σn+1)-
equivariant fibration πnˆ : Znˆ → Emb(nˆP,M(−1)), and define
CnˆP (M,Z;G) =
(
Znˆ/(G ≀ Σn+1)
)
{[ı¯0],...,[ı¯n]}
.
4 In the sense of odd functions, i.e. θ(−t) = −θ(t).
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Viewing these as subspaces of the symmetric powers Spn(Z/G) and Spn+1(Z/G) respectively, we
may define a map
sn : CnP (M,Z;G) −→ CnˆP (M,Z;G)
by sn({[ϕ1], . . . , [ϕn]}) = {[¯ı0], [ϕ1], . . . , [ϕn]}.
These constructions are functorial in P ,M , G and Z in an appropriate sense. We will describe how
they are functorial in Z when the other data P , M and G are fixed. For i = 1, 2 let πi : Zi → E be
based, G-equivariant Serre fibrations and let γ¯i : R→ Homeo
G(Zi) be continuous homomorphisms
such that πi ◦ γ¯i(r) = γ(r) ◦ πi for all r. Given any based, G-equivariant map F : Z1 → Z2 such
that π2 ◦ F = π1 and F ◦ γ¯1(r) = γ¯2(r) ◦ F for all r, there are induced maps making the square
CnP (M,Z1;G) CnˆP (M,Z1;G)
CnP (M,Z2;G) CnˆP (M,Z2;G)
sn
sn
commute. These form a category with terminal object given by (π, γ¯) = (id : E → E, γ). When the
fibration π : Z → E (and the map γ¯) are taken to be this terminal object, we drop the Z from the
notation and write simply sn : CnP (M ;G) → CnˆP (M ;G). For any other choice of (π : Z → E, γ¯)
there is a commutative square
CnP (M,Z;G) CnˆP (M,Z;G)
CnP (M ;G) CnˆP (M ;G).
sn
sn
(6.1)
Theorem 6.7 ([Pal18a, Theorem A]) The map sn : CnP (M ;G) → CnˆP (M ;G) induces split-
injections on homology in all degrees. It induces isomorphisms on homology up to degree n2 if
p 6 12 (m− 3) and G is an open subgroup of Diff(P ).
Recall that p and m are the dimensions of P and M respectively. We will lift this to the top
horizontal map in (6.1), under a condition on the fibration π : Z → E.
Theorem B The map sn : CnP (M,Z;G) → CnˆP (M,Z;G) induces split-injections on homology
in all degrees. If the fibres of π are path-connected, p 6 12 (m − 3) and G is an open subgroup of
Diff(P ), then it induces isomorphisms on integral homology up to degree n2 − 1 and on homology
with coefficients in a field up to degree n2 .
Remark 6.8 If a map induces isomorphisms on homology (up to a certain degree) with coefficients
in any field, then it also induces isomorphisms up to the same degree with coefficients in any ring
that may be constructed from fields by iterated (ring) extensions and colimits. In particular, Q/Z
is such a ring, so the conclusion of the above theorem also implies that sn induces isomorphisms
on homology with Q/Z coefficients up to degree n2 .
7. Proof of stability for symmetric diffeomorphism groups
We will deduce Theorem A from Theorem B by a spectral sequence comparison argument. First
we need some more constructions to set up the appropriate map of spectral sequences.
7.1. Some fibre bundles
Notation 7.1 For any real number r we will write R∞,r = R∞ × [r,∞). Most of the time r will
be 0, −1 or −2.
Fix an embedding b : ∂M →֒ R∞. Write Embb(M,R
∞,0) for the space of embeddings e : M →֒ R∞,0
such that
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(i) e ◦ coˆl|∂M×[0,ǫ) = b× incl for some ǫ > 0.
We then define
Xn ⊆ Embb(M,R
∞,0)× Emb(M ♯
nP
nN,R∞,0)
to be the subspace of pairs of embeddings (e, f) such that
(ii) e|MrΦ(nT ′) = f |MrΦ(nT ′).
Note that there is a continuous action of the symmetric diffeomorphism group ΣHDiff(M ♯
nP
nN) on
Xn by precomposition in each factor (and the homomorphism (3.1) for the first factor). Similarly,
we write Embb(Mˆ,R
∞,−1) for the space of embeddings e : Mˆ →֒ R∞,−1 such that
(î) e ◦ coˆl|∂M×[−1,−1+ǫ) = b× incl for some ǫ > 0
and we define
Xnˆ ⊆ Embb(Mˆ,R
∞,−1)× Emb(M ♯
nˆP
nˆN,R∞,−1)
to be the subspace of pairs of embeddings (e, f) such that
(îî) e|MˆrΦˆ(nˆT ′) = f |MˆrΦˆ(nˆT ′).
There is a continuous action of the symmetric diffeomorphism group ΣHDiff(M ♯
nˆP
nˆN) on Xnˆ,
given by precomposition in each factor and the right-hand vertical map of (4.1) for the first factor.
Lemma 7.2 The spaces Xn and Xnˆ are contractible and the quotient maps
Xn −→ Xn/ΣHDiff(M ♯
nP
nN) Xnˆ −→ Xnˆ/ΣHDiff(M ♯
nˆP
nˆN)
are principal bundles with structure groups ΣHDiff(M ♯
nP
nN) and ΣHDiff(M ♯
nˆP
nˆN) respectively.
Proof. A mild extension of Proposition 4.15 of [Pal18a] shows that the action of Diff∂(R
∞,0) on
the quotient Xn/ΣHDiff(M ♯
nP
nN) is locally retractile. Then Proposition 4.8 of [Pal18a] implies
that the projection of Xn onto this quotient is a principal bundle. An identical argument implies
that the other projection is also a principal bundle.
This gives us explicit models for the classifying spaces of ΣHDiff(M ♯
nP
nN) and ΣHDiff(M ♯
nˆP
nˆN).
Write Diff∂(M) for the group of diffeomorphisms ofM that act by the identity on a neighbourhood
of its boundary. There is a forgetful map
Ψ: Xn/ΣHDiff(M ♯
nP
nN) −→ Embb(M,R
∞,0)/Diff∂(M), (7.1)
and an analogous map Ψˆ, replacing n with nˆ and R∞,0 with R∞,−1.
Lemma 7.3 The maps Ψ and Ψˆ are fibre bundles.
Proof. As above, by a mild extension of Proposition 4.15 of [Pal18a], the action of Diff∂(R
∞,0) on
the quotient Embb(M,R
∞,0)/Diff∂(M) is locally retractile, and then Theorem A of [Pal60] (see
also Proposition 4.7 of [Pal18a]) implies that Ψ is a fibre bundle (and an identical argument implies
the same for Ψˆ).
7.2. Moduli spaces of submanifolds labelled by parametrised-connected-sum-data
Recall from §3 that K = H ∩ ker(z) 6 H 6 Difffib(T ), and that G = z(H) 6 Diff(P ), where
z : Difffib(T ) −→ Diff(P )
is the restriction along the zero-section o : P →֒ T of ξ : T → P .
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Notation 7.4 Write N ′ = N r τj(T
′) and U = T˚ r T ′. There is an involution
σ : U −→ U
given by (x, t) 7→ (x, 1.5− t), where we identify U with ∂T × (0.5, 1) (cf. Definition 2.2). Note also
that τj restricts to an embedding U →֒ N
′.
Definition 7.5 The subgroup DiffK(N
′) of Diff(N ′) consists of those diffeomorphisms that send
the subset τj(U) ⊂ N
′ to itself and act on it via τjKτ
−1
j .
Construction 7.6 Fix an embedding e0 ∈ Embb(M,R
∞,0). For convenience, we assume that
(a) e0(col(x, t)) = (b(x), t) for (t, x) ∈ ∂M × [0, 1],
(b) e0(M r col(∂M × [0, 1])) ⊆ R
∞ × (1,∞).
The fact that we are making this assumption will not cause problems later, since Embb(M,R
∞,0)
is path-connected (in fact contractible). Also, it will be convenient to extend Mˆ slightly further to
Mˆ = M ∪
∂M×[0,∞]
(∂M × [−2,∞]),
and write coˆl : ∂M × [−2,∞] →֒ Mˆ for the inclusion of the right-hand side of this pushout. We
may extend e0 to an embedding
eˆ0 : Mˆ −֒→ R
∞,−2,
defining eˆ0(coˆl(x, t)) = (b(x), t) for (x, t) ∈ ∂M × [−2, 0]. There is a diagram of topological spaces
Emb(N ′,R∞,−2)/DiffK(N
′)
Embc(T, Mˆ)/K Emb(U,R∞,−2)/K,
(7.2)
where Embc(T, Mˆ) ⊂ Emb(T, Mˆ) is the subspace of embeddings T →֒ Mˆ such that the image of
the zero-section o(P ) ⊂ T is contained in Mˆ ⊂ Mˆ . The vertical map is given by precomposition
by τj ◦σ and the horizontal map is given by postcomposition by eˆ0 (and restriction of the domain).
Lemma 7.7 The diagram (7.2) is a diagram of right G-spaces with respect to the following well-
defined actions. For the bottom two spaces, the action of g ∈ G is given by choosing any element
h ∈ H such that z(h) = g and acting by precomposition by h. For the top-right space, the action
is given by first choosing any element h ∈ H such that z(h) = g and then any diffeomorphism of
N ′ whose restriction to U along the embedding τj is h.
Proof. The well-defined-ness of the described G-actions on the bottom two spaces follows from the
fact that we have a short exact sequence
1→ K −֒→ H
z|H
−−−→ G→ 1,
and the horizontal map of (7.2) is clearly equivariant with respect to these actions. By one of our
assumptions just before the statement of Theorem A on page 9, the map DiffH(N
′) = DiffH(N)→
H given by restriction along the embedding τj is surjective. It is therefore also surjective after
composing with z|H : H → G, and we have another short exact sequence
1→ DiffK(N
′) −֒→ DiffH(N
′) −→ G→ 1,
which shows that the described G-action on the top-right space of (7.2) is well-defined. To see
that the vertical map of (7.2) is equivariant, we note that the action of H 6 Difffib(T ) on U ⊂ T
commutes with the involution σ : U → U . To see this, note that, under the identification U ∼=
∂T × (0.5, 1), the H-action is trivial on the second component and the involution σ is trivial on
the first component.
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Definition 7.8 Let Z be the pullback in the category of topological spaces of the diagram (7.2).
Since this is a diagram of right G-spaces, Z is also a right G-space if we give it the diagonal action.
In other words, we take Z to be the pullback in the category of right G-spaces.
Lemma 7.9 The composite map
π : Z −→ Embc(T, Mˆ)/K −→ Emb(P, Mˆ) = E
is a Serre fibration with path-connected fibres.
Proof. By a mild extension of Theorem B of [Pal60] (see also [Cer61]) allowing manifolds with
boundary, the action of Diff∂(Mˆ) on Emb(P, Mˆ) is locally retractile. Similarly, a mild extension
of Proposition 4.15 of [Pal18a] implies that the action of Diff∂(R
∞,−2) on Emb(U,R∞,−2)/K is
locally retractile. Theorem A of [Pal60] then implies that the right-hand map Embc(T, Mˆ)/K → E
above and the vertical map of (7.2) are fibre bundles. The left-hand map Z → Embc(T, Mˆ)/K
above is a pullback of the vertical map of (7.2), so it is also a fibre bundle. A composition of two
fibre bundles is not necessarily a fibre bundle, but it is at least a Serre fibration.
It is not hard to show that the fibres of the vertical map of (7.2) are path-connected, using the
fact that we are considering embeddings into infinite-dimensional Euclidean space. The fibres of
Z → Embc(T, Mˆ)/K are therefore also path-connected.
Fix an embedding e ∈ Emb(P, Mˆ) and denote the fibre of the map Embc(T, Mˆ)→ Emb(P, Mˆ) over
e by Emb(T, Mˆ)e. Note that we do not yet take the quotient by K. This is almost the space Tub(e)
of tubular neighbourhoods of e. More accurately, there is a fibration Emb(T, Mˆ)e → Aut(T ) to the
topological group of bundle automorphisms of T (as a disc bundle with structure group O(m−p)),
and the fibre over the identity is Tub(e). This may be summarised as follows:
Tub(e) Emb(T, Mˆ)e Emb
c(T, Mˆ)
Aut(T ) Emb(P, Mˆ) ∋ e
(7.3)
Now, the space Tub(e) of tubular neighbourhoods of e is contractible [God07, Proposition 31], so
the fibres of Embc(T, Mˆ)→ Emb(P, Mˆ) are homotopy equivalent to Aut(T ). Note that this group
is exactly the kernel of the map
z : Difffib(T ) −→ Diff(P )
defined at the beginning of §3. To study the fibres of Embc(T, Mˆ)/K → Emb(P, Mˆ), we quotient
three of the spaces in (7.3) by the action of K:
Tub(e) Emb(T, Mˆ)e/K Emb
c(T, Mˆ)/K
Aut(T )/K Emb(P, Mˆ) ∋ e
(7.4)
As Tub(e) is contractible, the fibres of Embc(T, Mˆ)/K → Emb(P, Mˆ) are homotopy equivalent to
Aut(T )/K = ker(z)/K.
But we assumed just before the statement of Theorem A on page 9 that this coset space is path-
connected. Thus both of the fibrations Z → Embc(T, Mˆ)/K → Emb(P, Mˆ) have path-connected
fibres, so the composite fibration π also has path-connected fibres.
Note that, by construction, the map π is G-equivariant. Recall from §6 (see Input 6.5) that we
also need to choose a basepoint ı¯0 ∈ Z and a continuous homomorphism γ¯ : R → Homeo
G(Z) in
order to define the moduli space of labelled submanifolds CnP (M,Z;G).
Choose an embedding υ : N ′ →֒ R∞×(−0.5, 0.5) ⊂ R∞,−2 so that the following diagram commutes:
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U N ′
U Mˆ
R∞,−2σ
τj |U
τi|U
υ
eˆ0
Remark 7.10 The choice of υ can be made independently of e0, since we have prescribed how e0
acts on col(∂M × [0, 1]), and therefore how eˆ0 acts on coˆl(∂M × [−2, 1]), and the image τi(U) is
contained in coˆl(∂M × (−0.5, 0.5)).
Then ([τi], [υ]) ∈ Z and π([τi], [υ]) = i = i0. So we may set ı¯0 = ([τi], [υ]).
We may extend the “shift” map of Definition 6.4 by the identity to a diffeomorphism shr : Mˆ → Mˆ
for each r ∈ R. We write id × θ¯(r) for the self-diffeomorphism of R∞,−2 = R∞ × [−2,∞) that is
the identity on R∞ and acts by (the restriction of) θ¯(r) : R → R on [−2,∞). With this notation,
we define a map γ¯ : R→ Map(Z,Z) by
γ¯(r) : ([α], [β]) 7−→ ([shr ◦ α], [(id × θ¯(r)) ◦ β]).
One may easily check that γ¯ is a well-defined, continuous map and that its image lies inHomeoG(Z) 6
Map(Z,Z). It is also a group homomorphism (since θ¯ is) and each γ¯(r) covers the self-homeomorphism
γ(r) = shr ◦ − of E. This completes the construction of the input data needed (see Input 6.5) in
order to apply Definition 6.6.
Definition 7.11 We may now apply Definition 6.6 to the data (π : Z → E, γ¯, ı¯0) constructed
above to obtain spaces CnP (M,Z;G) and CnˆP (M,Z;G), as well as a stabilisation map
sn : CnP (M,Z;G) −→ CnˆP (M,Z;G).
These may be thought of as moduli spaces of disconnected submanifolds labelled by parametrised-
connected-sum-data.
In the rest of this subsection, we will show that the moduli space CnP (M,Z;G), for this particular
fibration π : Z → E, is homotopy equivalent to the fibres of the bundle (7.1): see Proposition 7.14.
First we establish a lemma that we will need in the proof of this proposition.
Lemma 7.12 The space Emb(nT,M)/(H ≀ Σn) has a left-action of the group Diff∂(M) of diffeo-
morphisms of M that act by the identity on a neighbourhood of its boundary. The embedding Φ
from §2 gives us a basepoint [Φ] for Emb(nT,M)/(H ≀ Σn). The orbit of this basepoint under the
action of Diff∂(M) is path-connected.
Remark 7.13 The map [−◦Φ]: Diff∂(M)→ Emb(nT,M)/(H ≀Σn) is a fibre bundle, by Proposi-
tions 4.15 and 4.7 of [Pal18a], so its image, the orbit of [Φ], must be a union of path-components.
By Lemma 7.12 it is exactly the path-component of Emb(nT,M)/(H ≀ Σn) containing [Φ].
Proof of Lemma 7.12. Let ϕ ∈ Diff∂(M); we will find a path of embeddings nT →֒M from ϕ ◦ Φ
to Φ. The image of Φ is contained in a collar neighbourhood of ∂M , so we may choose a path
t 7→ ϕt in Diff∂(M) so that ϕ0 = ϕ and ϕ1 restricts to the identity on this collar neighbourhood,
in particular on the image of Φ. Then t 7→ ϕt ◦ Φ is the required path of embeddings.
Second proof of Lemma 7.12, in a special case. If the embedding P →֒ ∂M has image contained
in a coordinate neighbourhood Rm−1 ⊆ ∂M , then we may give an alternative proof. We start with
a certain collection of copies of T embedded into M , we are given a diffeomorphism ϕ of M that
fixes ∂M and we need to show that there is a path of embeddings taking the images of the copies
of T under ϕ back to their original positions. The assumption on the embedding P →֒ ∂M means
that we may assume that the original copies of T are enclosed in pairwise disjoint codimension-zero
balls, which reduces the problem to the case where T is a codimension-zero ball: we need to find
an isotopy taking each ball back to its original position before we applied the diffeomorphism ϕ.
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We may do this for one ball at a time, so let us assume that there is only one ball. If we denote
the inclusion of this ball into M by b : B →֒ M , then our task is to find a path of embeddings
from ϕ ◦ b to b. First, since M is path-connected, we may move ϕ ◦ b to a new embedding b′
such that b′(0) = b(0). We may then modify b′ by a rotation near b′(0) to a new embedding b′′
whose derivative at 0 ∈ B agrees with that of b. This is possible using just a rotation, and not
a reflection, because ϕ is an orientation-preserving diffeomorphism (since it fixes ∂M , and ∂M
is non-empty). Next, we may shrink b′′ so that b′′(B) ⊆ b(B), so now we have a self-embedding
c = b−1 ◦ b′′ : B →֒ B and we need to find an isotopy from this to the identity. Note that c(0) = 0
and the derivative of c at 0 is the identity. We may therefore define an isotopy ct by ct(x) = tc(x/t)
for t ∈ (0, 1] and c0 = id.
Proposition 7.14 The fibre of (7.1) over [e0] ∈ Embb(M,R
∞,0)/Diff∂(M) is homotopy-equivalent
to CnP (M,Z;G). More precisely, there is a canonical inclusion Ψ
−1([e0]) →֒ CnP (M,Z;G), which
is a homotopy equivalence. The corresponding statement for Ψˆ also holds : Write eˆ0 = eˆ0|Mˆ . There
is a canonical inclusion Ψˆ−1([eˆ0]) →֒ CnˆP (M,Z;G), which is a homotopy equivalence.
Proof. We will do this in three steps: (1) give an explicit description of Ψ−1([e0]) and note that
it is path-connected, (2) give an explicit description of CnP (M,Z;G) and show that it contains a
homeomorphic copy of Ψ−1([e0]), and (3) show that the inclusion is a homotopy equivalence.
Step 0. Before this, however, we recall a basic fact that we will use in the next step. Let X be a left
G-space, and assume that the G-action on X is locally retractile (see for example Definition 4.5 of
[Pal18a]). Then for any x ∈ X there is aG-equivariant homeomorphismG/stabG(x) ∼= orbit(x). To
see this, first note that the action map −·x : G→ X induces a continuous bijection G/stabG(x)→
orbit(x) ⊆ X , which is G-equivariant. Then Theorem A of [Pal60] implies that this map is a fibre
bundle, in particular an open map, and so it is a homeomorphism.
Step 1. Rewriting the definition of Xn a little, we may describe it as the subspace of
Pullback
(
Embb(M,R
∞,0) −→ Emb(nU,R∞,0)←− Emb(nN ′,R∞,0)
)
of pairs of embeddings (e, f) such that f(nN ′) is disjoint from the closure5 of e(M rΦ(nT˚ )). The
first map in the pullback diagram is given by restriction along Φ and the second map is given by
restriction along τj followed by the involution σ of U . The quotient Xn/ΣHDiff(M ♯
nP
nN) may
therefore be described as the subspace of
Pullback
(
Embb(M,R
∞,0)
ΣHDiff(M,nT )
−→
Emb(nU,R∞,0)
H ≀Σn
←−
Emb(nN ′,R∞,0)
DiffH(N) ≀ Σn
)
of pairs ([e], [f ]) satisfying the same disjointness condition (cf. the pullback square (3.2) in §3).
The fibre Ψ−1([e0]) is the subspace where the image of e agrees with the image of e0, so it may be
described as the subspace of
Pullback
(
Diff∂(M)
ΣHDiff(M,nT )
−→
Emb(nU,R∞,0)
H ≀Σn
←−
Emb(nN ′,R∞,0)
DiffH(N) ≀ Σn
)
of pairs ([η], [f ]) such that f(nN ′) is disjoint from the closure of e0(M r η(Φ(nT˚ ))). A mild exten-
sion of Proposition 4.15 of [Pal18a] shows that Emb(nT,M)/(H ≀Σn) is Diff∂(M)-locally retractile.
The stabiliser of [Φ] ∈ Emb(nT,M)/(H ≀Σn) is the subgroupΣHDiff(M,nT ) 6 Diff∂(M), so via the
“topological orbit-stabiliser theorem” (see Step 0 above) we deduce that Diff∂(M)/ΣHDiff(M,nT )
is homeomorphic to the orbit of [Φ] in Emb(nT,M)/(H ≀Σn). By Lemma 7.12 and Remark 7.13, the
orbit of [Φ] in Emb(nT,M)/(H ≀Σn) is the path-component of [Φ] in Emb(nT,M)/(H ≀Σn). Thus
Diff∂(M)/ΣHDiff(M,nT ) is homeomorphic to the path-component of [Φ] in Emb(nT,M)/(H ≀Σn).
We may therefore describe Ψ−1([e0]) as the subspace of
Pullback
(
Emb(nT,M)
H ≀ Σn
−→
Emb(nU,R∞,0)
H ≀ Σn
←−
Emb(nN ′,R∞,0)
DiffH(N) ≀ Σn
)
5 We need to take the closure here since M was not assumed to be compact.
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of pairs ([Φ′], [f ]) such that f(nN ′) is disjoint from the closure of e0(M rΦ
′(nT˚ )) and there exists
a path [Φ′] [Φ] in Emb(nT,M)/(H ≀ Σn).
It is now not hard to show that the fibreΨ−1([e0]) is path-connected. Choose a basepoint ([Φ
′
0], [f0])
for it and consider any other point ([Φ′], [f ]). There is a path [Φ′] [Φ′0] in the left-hand space of
the pullback diagram. The image of this path in the middle space may be lifted to a path [f ] [f1]
in the right-hand space, since the right-hand map of the pullback diagram is a fibre bundle, and
therefore a Serre fibration. Since we are considering embeddings into R∞,0 we may easily ensure
that this path of embeddings satisfies the disjointness condition, at each point in time during the
path, with respect to the path [Φ′] [Φ′0], so we have a path ([Φ
′], [f ]) ([Φ′0], [f1]) in Ψ
−1([e0]).
Choose a path f1  f0 of embeddings nN
′ →֒ R∞,0 disjoint from the closure of e0(M r Φ
′
0(nT˚ ))
and constant when restricted to nU . This gives us a path ([Φ′0], [f1])  ([Φ
′
0], [f0]) in Ψ
−1([e0]).
Thus we have shown that Ψ−1([e0]) is path-connected.
Step 2. Recall from Definition 6.6 that CnP (M,Z;G) is a certain path-component of Zn/(G ≀Σn).
Unravelling this definition for the fibration π : Z → E of Lemma 7.9, we may describe Zn as the
subspace of
Pullback
(
Emb(T, Mˆ)n
Kn
−→
Emb(U,R∞,−2)n
Kn
←−
Emb(N ′,R∞,−2)n
DiffK(N ′)n
)
of tuples of embeddings (([ϕ1], . . . , [ϕn]), ([f1], . . . , [fn])) such that each ϕα(P ) is contained in M˚
and the images ϕ1(P ), . . . , ϕn(P ) are pairwise disjoint. The quotient Zn/(G ≀ Σn) is therefore the
subspace of
Pullback
(
Emb(T, Mˆ)n
H ≀ Σn
−→
Emb(U,R∞,−2)n
H ≀ Σn
←−
Emb(N ′,R∞,−2)n
DiffH(N) ≀ Σn
)
of collections of embeddings ({[ϕ1], . . . , [ϕn]}, {[f1], . . . , [fn]}) satisfying the same two conditions.
Comparing this with the final description of Ψ−1([e0]) in the previous step, we see that there is a
canonical inclusion Ψ−1([e0]) →֒ Zn/(G ≀Σn). Moreover, Ψ
−1([e0]) is path-connected and contains
the basepoint configuration {[¯ı1], . . . , [¯ın]}, so there is in fact a canonical inclusion
Ψ−1([e0]) −֒→ CnP (M,Z;G).
Step 3. A point in CnP (M,Z;G) lies in the subspace Ψ
−1([e0]) if and only if
(a) ϕ1(T ), . . . , ϕn(T ) are pairwise disjoint and contained in M ,
(b) f1(N
′), . . . , fn(N
′) are pairwise disjoint and contained in R∞,0,
(c)
⋃
α fα(N
′) is disjoint from the closure of e0(M r
⋃
β ϕβ(T˚ )),
(d) there is a path in Emb(nT,M)/(H ≀Σn) from {[ϕ1], . . . , [ϕn]} to [Φ].
In fact, property (d) is automatic once we have property (a). Since CnP (M,Z;G) is path-connected,
there is a path in Emb(T, Mˆ)n/(H ≀ Σn) from {[ϕ1], . . . , [ϕn]} to [Φ], and the n embedded copies
of P ⊂ T in Mˆ are pairwise disjoint and contained in M˚ at each point in time during this path.
We may therefore shrink the tubular neighbourhoods T ⊃ P by an appropriate amount at each
point during the path, to obtain a new path in Emb(nT,M)/(H ≀Σn) from {[ϕ1], . . . , [ϕn]} to [Φ].
We therefore would like to define a deformation retraction that begins with a point in CnP (M,Z;G)
and ends with a new point in CnP (M,Z;G) satisfying the disjointness properties (a), (b) and (c). In
fact, we will not do this for CnP (M,Z;G), but instead for its ordered analogue FnP (M,Z;G), the
covering space in which the n embedded copies of T in Mˆ are equipped with an ordering. If we write
Ψ˜−1([e0]) ⊂ FnP (M,Z;G) for the restriction of this covering space to Ψ
−1([e0]) ⊂ CnP (M,Z;G),
we have a map of fibre sequences:
FnP (M,Z;G) CnP (M,Z;G) BΣn
Ψ˜−1([e0]) Ψ
−1([e0]) BΣn
=
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If we can define a deformation retraction for the inclusion Ψ˜−1([e0]) ⊂ FnP (M,Z;G), then the map
of long exact sequences of homotopy groups will imply that the inclusion Ψ−1([e0]) ⊂ CnP (M,Z;G)
is also a (weak) homotopy equivalence.
We now sketch a deformation retraction that begins with a point in FnP (M,Z;G) and ends with
a new point in FnP (M,Z;G) satisfying properties (a), (b) and (c). Since the “cores” ϕα(P ) are
pairwise disjoint and contained in M˚ , we may shrink the tubular neighbourhoods T ⊃ P as above
to ensure property (a); this may moreover be done in a canonical way, so that the deformation
retraction is continuous. To ensure property (c), we may choose k such that e0(M) ⊆ R
k ⊂ R∞,0
and modify the embedded copies of N ′ in R∞,−2 so that their (k+1)-st coordinate is non-zero on
N r τj(T ) ⊂ N
′.
Finally, we need to ensure property (b). We may push R∞,−2 into R∞,0 by increasing its last
coordinate to ensure that the embedded copies of N ′ are contained in R∞,0. To ensure that they
are pairwise disjoint, we modify them by straight-line homotopies so that, for each r ∈ {1, . . . , n},
the (k + 1 + r)-th coordinate of the r-th copy of N ′ is non-zero on N r τj(T ) ⊂ N
′, and the
(k+1+ r)-th coordinate of every other copy of N ′ is zero on N rV ⊂ N ′, where V is a very small
open neighbourhood of τj(T ) in N . (This is where we need to use the ordering.) This will force
the different copies of N ′ to be pairwise disjoint, except possibly on the subsets V r τj(T ) ⊂ N
′.
However, we may control these neighbourhoods to be very small, i.e. very close to the corresponding
ϕr(T ), so, by shrinking these further if necessary, we may ensure that the different copies of N
′
are pairwise disjoint everywhere.
7.3. A map of fibre bundles
We now define a continuous map Xn → Xnˆ, in order to obtain a map of bundles from Ψ to Ψˆ.
Definition 7.15 Define
stn : Xn −→ Xnˆ
to send a pair of embeddings (e, f) to (eˆ, fˆ), where:
(i) eˆ = e on M ⊂ Mˆ and eˆ(coˆl(x, t)) = (b(x), t) for (x, t) ∈ ∂M × [−1, 0].
(ii) Recall that
M ♯
nˆP
nˆN = (Mˆ r Φˆ(nˆT ′)) ∪
nˆU
nˆN ′
(cf. Definition 2.2 and Notation 7.4). We define fˆ = eˆ on the subspace Mˆ r Φˆ(nˆT ′), and also
fˆ = f on the subspace nN ′ ⊆M ♯
nP
nN , so it remains to define fˆ on nˆN ′ r nN ′ = {0} ×N ′.
Here we define it by
{0} ×N ′ = N ′
υ
−−→ R∞ × (−0.5, 0.5)
(id,−0.5)
−−−−−−→ R∞ × (−1, 0) ⊂ R∞,−1.
It is then an easy exercise to check that (eˆ, fˆ) is an element of Xnˆ and that stn is continuous.
Remark 7.16 Recall that Xn and Xnˆ have actions of ΣHDiff(M ♯
nP
nN) and ΣHDiff(M ♯
nˆP
nˆN)
respectively. Since we defined eˆ and fˆ above so that eˆ = e on M and fˆ = f on M ♯
nP
nN , it follows
that stn is equivariant with respect to the top horizontal map (continuous homomorphism) of the
diagram (4.1), which we now denote by
σn : ΣHDiff(M ♯
nP
nN) −→ ΣHDiff(M ♯
nˆP
nˆN).
It therefore follows from Lemma 7.2 that the induced map
stn : Xn/ΣHDiff(M ♯
nP
nN) −→ Xnˆ/ΣHDiff(M ♯
nˆP
nˆN)
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is a model for Bσn, the map induced on classifying spaces by σn. It also fits into a map of bundles
Xn/ΣHDiff(M ♯
nP
nN) Xnˆ/ΣHDiff(M ♯
nˆP
nˆN)
Embb(M,R
∞,0)/Diff∂(M) Embb(M,R
∞,−1)/Diff∂(M),
stn
Ψ Ψˆ (7.5)
where the bottom horizontal map is defined by [e] 7→ [eˆ], where eˆ is defined as in (i) in Definition
7.15 above.
Lemma 7.17 The map stn induces split-injections on homology in all degrees.
Proof. In order to apply Lemma 2 of [Dol62] to deduce split-injectivity, it suffices to define maps
Xn/Dn −→ Sp
(nk)(Xk/Dk)
satisfying a certain equation up to homotopy, where we are using the temporary abbreviation
Dn = ΣHDiff(M ♯
nP
nN). We briefly sketch how to construct such maps. They may be defined by
[e, f ] 7−→
∑
S⊆{1,...,n} , |S|=k
[e′S , f
′
S ],
where f ′S is the composition
M ♯
kP
kN ∼= M ♯
S×P
(S ×N) −֒→M ♯
nP
nN
f
−−→ R∞,0 (7.6)
and e′S = e ◦ ηS , where ηS ∈ Diff∂(M) corresponds to the left-hand diffeomorphism of (7.6) in the
sense that these two diffeomorphisms agree on M r Φ(kT ′).
7.4. Stability for symmetric diffeomorphism groups
Lemma 7.18 The map of base spaces in (7.5) is a homotopy equivalence.
Proof. In order to define a homotopy inverse, we need a path of compactly-supported embeddings
γt : [−1,∞) →֒ [−1,∞) such that γ0(−1) = 0, γt(0) > 0 for all t and γ1 = id. Then applying this
isotopy to the last coordinate of R∞,−1 determines a homotopy inverse for the bottom horizontal
map in (7.5). The finer details of the construction are similar to those of Lemma 5.26 of [Pal18a].
Now fix a point [e0] in the base space of Ψ as in Construction 7.6. There is a commutative square
6
CnP (M,Z;G) CnˆP (M,Z;G)
Ψ−1([e0]) Ψˆ−1([eˆ0])
sn
stn|[e0]
(7.7)
whose vertical maps are homotopy equivalences by Proposition 7.14. The map of bundles (7.5)
induces a map of Serre spectral sequences, which is an isomorphism on E2 pages up to vertical
degree n2 − 1 (or
n
2 if we take field coefficients), by Theorem B and Lemma 7.9. The Zeeman
comparison theorem [Zee57] (cf. also [Iva93, Theorem 1.2] or [CDG13, Remarque 2.10]) then implies
6 In fact this square does not commute on the nose, but if we replace the top horizontal map sn with a homotopic
map s′n, then it does commute on the nose. Recall that sn adjoins the element [¯ı0] = [[τi], [υ]] ∈ Z/G to an unordered
tuple of elements of Z/G. The map s′n instead adjoins the element [[τi − 0.5], [υ − 0.5]], where the − 0.5 denotes a
shift along the collar neighbourhood of Mˆ (for τi) and in the last coordinate of R∞,−2 (for υ).
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that stn = Bσn induces isomorphisms on homology up to degree
n
2 −1 (or
n
2 with field coefficients).
Together with Lemma 7.17, this proves homological stability for the top horizontal map of (4.1).
By Remark 3.4, a special case of this implies homological stability also for the bottom horizontal
map of (4.1).7 This completes the proof of Theorem A, assuming Theorem B.
8. Diffeomorphism groups of manifolds with conical singularities
Before proving Theorem B, we first discuss manifolds with (discrete) conical singularities and their
diffeomorphism groups. These are a special case of manifolds with Baas-Sullivan singularities,
introduced in [Sul67; Baa73], for which the singular set is not necessarily discrete, but may itself be
a smooth manifold of positive dimension (see §8.3 for a brief overview). We then prove homological
stability for diffeomorphism groups of manifolds with conical singularities, with respect to adding
new singularities of a fixed type — in fact, we will see that this is nothing more than a special case
of homological stability for symmetric diffeomorphism groups, already contained in Theorem A.
8.1. Manifolds with conical singularities
Fix a smooth, closed (m− 1)-dimensional manifold L. The open cone on L is
cone(L) = (L× [0,∞))/(L× {0})
and we write ⋆ = [L× {0}] ∈ cone(L) for the point at the tip of the cone.
Definition 8.1 Anm-dimensional smooth manifold with conical L-singularities consists of a space
M equipped with a discrete subset Σ ⊆M and the structure of a smooth manifold on M r Σ. In
addition, the points σ ∈ Σ are equipped with pairwise disjoint open neighbourhoods σ ∈ Uσ ⊆M
and homeomorphisms Uσ ∼= cone(L) sending σ to ⋆ and restricting to diffeomorphisms Uσr {σ} ∼=
L× (0,∞).
For example, when m = 1, this amounts to a graph of fixed valency k (i.e. every vertex has the
same valency k). In this case Σ is the set of vertices of the graph and L is the 0-manifold {1, . . . , k}.
Two other examples are as follows.
Example 8.2 If M is a smooth m-dimensional manifold, then we may take Σ = ∅. Alternatively,
we may also take Σ to be any discrete subset and L = Sm−1.
Example 8.3 If ℓ ⊂ R3 is a link with k components, then M = R3/ℓ is a manifold with a single
conical singularity (Σ is the single point [ℓ] ∈M) of type L =
⊔
k(S
1 × S1).
8.2. Diffeomorphisms of singular manifolds
Now we also fix a subgroup H 6 Diff(L). Note that each self-diffeomorphism ψ of L determines a
self-homeomorphism cone(ψ) of cone(L) via cone(ψ)([x, t]) = [ψ(x), t].
Definition 8.4 Let M be a manifold with conical L-singularities. A diffeomorphism of M is then
a homeomorphism ϕ : M →M such that ϕ(Σ) = Σ and the restriction ϕ|MrΣ is a diffeomorphism.
Moreover, for each σ ∈ Σ we require that ϕ(Uσ) = Uϕ(σ) and that the induced homeomorphism
cone(L) ∼= Uσ → Uϕ(σ) ∼= cone(L) is of the form cone(h) for some h ∈ H . These form a subgroup
DiffLH(M) 6 Homeo(M).
8.3. Relation to manifolds with Baas-Sullivan singularities
Manifolds with discrete conical singularities are a special case (s = 0) of the more general notion
of a manifold with Baas-Sullivan singularities, in which the singular set is a smooth s-dimensional
manifold. Fix a smooth, closed manifold L of dimension m− s− 1, which will be called the type,
or link, of the singular set.
7 We need to check that the third assumption stated just before Theorem A is satisfied for this special case (i.e.
for this choice of N), but this is clear (cf. the last sentence of Remark 3.4).
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Definition 8.5 Amanifold with Baas-Sullivan singularities [Sul67; Baa73] consists of a topological
spaceM equipped with the following data: a subset Σ ⊆M , a structure of a smooth s-dimensional
manifold (without boundary) on Σ and a structure of a smooth m-dimensional manifold (possibly
with boundary) on M r Σ, an open neighbourhood U ⊇ Σ in M and a homeomorphism
θ : (U,Σ) −→ (Σ× cone(L),Σ× {⋆})
whose restriction to U r Σ −→ Σ× L× (0,∞) is a diffeomorphism.
Definition 8.6 Given a manifold M = (M,Σ, U, θ) with Baas-Sullivan singularities of type L,
a diffeomorphism of M is a homeomorphism ϕ : M → M fixing Σ and U setwise, such that the
restrictions ϕ|Σ and ϕ|MrΣ are diffeomorphisms and ϕ|U = θ
−1 ◦ (ϕ|Σ × cone(ψ)) ◦ θ for some
diffeomorphism ψ : L → L. We may also fix a subgroup H 6 Diff(L) and require ψ to be an
element of H , in which case this is an H-diffeomorphism of M.
Remark 8.7 There is a another viewpoint on manifolds with Baas-Sullivan singularities, where,
instead of a singular set Σ ⊆ M equipped with a conical open neighbourhood, one instead has
a smooth manifold M with boundary, equipped with a collar neighbourhood and an embedding
Σ×L →֒ ∂M whose image is a union of components of ∂M . A morphism ϕ : M →M ′ between such
objects is then defined to be a smooth map, compatible with the collar neighbourhoods, sending
Σ×L to Σ′×L, such that the restriction ϕ|Σ×L is a product of smooth maps Σ→ Σ
′ and L→ L.
A diffeomorphism of M is an automorphism in this category. The definitions above are recovered
by taking the quotient of M by the equivalence relation corresponding to the partition
{{σ} × L | σ ∈ Σ} ∪ {{x} | x ∈M r (Σ× L)}.
In particular, the conical neighbourhood of Σ is the image of the collar neighbourhood under this
quotient. For more details, see [Bot92] or [Per15]. (Note: our definition of a diffeomorphism of a
manifold with Baas-Sullivan singularities is a mild generalisation of that of [Per15, Definition 3.1],
where the restriction ϕ|Σ×L is required to be the product of a smooth map Σ→ Σ
′ and the identity
L→ L. In Definition 8.6 this corresponds to H-diffeomorphisms of M with H = {id} 6 Diff(L).)
Remark 8.8 The definition of manifolds with Baas-Sullivan singularities may be generalised to
allow a collection of smooth, closed manifolds Lk of dimension m− s− 1. In the case where s = 0
(corresponding to Definition 8.1), this amounts to saying that each open neighbourhood Uσ should
be identified with cone(Lk) for some k. See [Bot92] or [Per13] for more details.
8.4. Relation to symmetric diffeomorphism groups
We now construct a specific sequence Mn of manifolds with n conical singularities of a fixed type.
Definition 8.9 As in §2, we fix an embedding i : P →֒ ∂M ⊆ Mˆ , a metric on the normal bundle
νi → P of i and a tubular neighbourhood T = D(νi) →֒ ∂M × (−
1
2 ,
1
2 ) ⊆ Mˆ . As described in §2,
this induces an embedding
Φ: nT = {1, . . . , n} × T −֒→ M˚.
Recall that T˚ denotes the interior of T and T ′ ⊂ T denotes the closed sub-disc-bundle of radius 12 .
Given these inputs, we constructMn, a manifold with n conical ∂T -singularities, as follows: start-
ing with the manifold M , collapse the subset Φ({k}×T ′) to a point σk, for each k ∈ {1, 2, . . . , n}.
Then the singularity set is Σ = {σ1, σ2, . . . , σn} and each point σk is equipped with a conical neigh-
bourhood Uσk
∼= cone(∂T ) given by the image of Φ({k} × T˚ ) under the collapse map M →Mn.
Remark 8.10 As a space, Mn is homeomorphic to the quotient of MΦ obtained by collapsing
each Φ({k} × ∂T ) ⊂ ∂MΦ to a point — see Remark 3.2.
For a smooth fibre bundle ξ : E → B with structure group G, write Difffib(E) 6 Diff(E) for the
subgroup of diffeomorphisms ϕ that respect the partition of E into fibres of ξ (it then follows that
ξ ◦ϕ = ϕ¯◦ξ for some diffeomorphism ϕ¯ of B) and that act on fibres by elements of G. In particular
we may apply this definition to the disc and sphere bundles (cf. §3)
ξ : T −→ P and ξ∂ = ξ|∂T : ∂T −→ P,
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whose structure groups are both O(m − p). Since an element of O(m − p) is determined by its
action on Sm−p−1 = ∂Dm−p, the restriction map Difffib(T )→ Difffib(∂T ) is an isomorphism, and
we will identify these groups via this isomorphism.
Lemma 8.11 There is a natural isomorphism
H∗(Diff
∂T
H (Mn))
∼= H∗(ΣHDiff(M,nT ))
for any subgroup H 6 Difffib(T ) = Difffib(∂T ) 6 Diff(∂T ).
Proof. This follows directly from the construction of Mn, unravelling Definitions 3.1 and 8.4.
Now Theorem A and Lemma 8.11 immediately imply:
Corollary C Suppose that p 6 12 (m − 3) and the subgroup H 6 Difffib(T ) 6 Diff(∂T ) has been
chosen so that condition (b) of §5 holds. Then there are isomorphisms
H∗(Diff
∂T
H (Mn))
∼= H∗(Diff
∂T
H (Mn+1))
for ∗ 6 n2 − 1, and for ∗ 6
n
2 if we take field coefficients.
9. Twisted homological stability
We will prove Theorem B in §10 as a corollary of a twisted homological stability theorem for moduli
spaces of disconnected submanifolds, which we prove in this section. This is a direct analogue of
the main result of [Pal18b], which deals with configuration spaces of points, so we will not include
all possible details in this section, since most of the constructions and proofs go through verbatim
as in [Pal18b], with just minor changes of notation.
We return to the setup of §6, but without any labels for now. So we have a smooth, connected m-
dimensional manifoldM with non-empty boundary, a collar neighbourhood col : ∂M× [0,∞] →֒M
and an embedding i : P →֒ ∂M . Recall also that we have extended M by lengthening its collar:
Mˆ = M ∪
∂M×[0,∞]
(∂M × [−1,∞]),
and in Definition 6.4 we constructed “shifted” embeddings ir : P →֒ Mˆ for any r ∈ R, where i0 = i.
Fix a subgroup G 6 Diff(P ) and write E = Emb(P, Mˆ). Then in Definition 6.6 we constructed
moduli spaces CnP (M ;G) ⊆ Sp
n(E/G) and CnˆP (M ;G) ⊆ Sp
n+1(E/G) and a stabilisation map
sn : CnP (M ;G) −→ CnˆP (M ;G) ∼= C(n+1)P (M ;G) (9.1)
between them.
Remark 9.1 The identification on the right-hand side of (9.1) is given by identifying the interior
M(−1) of Mˆ (cf. Notation 6.1) with the interiorM(0) ofM via a diffeomorphism supported on the
collar neighbourhood col(∂M× [−1,∞]) ⊂ Mˆ . It will be more convenient in this section to think of
the target of the stabilisation map as C(n+1)P (M ;G). There is a natural basepoint {[i1], . . . , [in]}
of CnP (M ;G), and sn is basepoint-preserving.
Definition 9.2 The category BP (M) associated to these data has non-negative integers as objects,
and a morphism m → n is given by a choice of k 6 min(m,n) and a path ℓ in CkP (M ;G)
with ℓ(0) ⊆ {[i1], . . . , [im]} and ℓ(1) ⊆ {[i1], . . . , [in]}, up to endpoint-preserving homotopy. The
identities are given by constant paths and composition is defined by concatenation of paths, as well
as forgetting any “strand” of a path that does not match up with a “strand” of the other path,
analogous to the composition of partially-defined functions. See (2) on page 151 of [Pal18b] for an
illustration. The construction in §3.1 of [Pal18b] extends directly to this setting, and equips this
category with an endofunctor
S : BP (M) −→ BP (M),
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whose effect on objects is n 7→ n+1, together with a natural transformation ι : idBP (M) → S. Any
functor T : BP (M)→ Ab to the category of abelian groups (or any abelian category) may then be
given a degree by defining deg(0) = −1 and recursively
deg(T ) = deg(coker(T → T ◦ S)) + 1
for T 6= 0. The automorphism group of n in BP (M) is π1(CnP (M ;G)), so there are well-defined
twisted homology groups H∗(CnP (M ;G);T (n)). The homomorphism T (ιn) : T (n) → T (n + 1) is
equivariant with respect to the map induced on π1 by (9.1), so there are induced maps on twisted
homology
H∗(CnP (M ;G);T (n)) −→ H∗(C(n+1)P (M ;G);T (n+ 1)). (9.2)
Theorem D If p 6 12 (m−3), G is an open subgroup of Diff(P ) and T : BP (M)→ Ab is a functor
of degree d <∞, then (9.2) is split-injective in all degrees, and an isomorphism for ∗ 6 n−d2 .
The proof of Theorem D is a direct generalisation of §3 and §6 of [Pal18b], so we will just sketch
the steps involved. Fix a functor T : BP (M)→ Ab.
Definition 9.3 For S ⊆ {1, . . . , n} let fS : n→ n be the morphism of BP (M) given by the constant
path in C(n−|S|)P (M) at the point {[is] | s ∈ {1, . . . , n}r S}. Then T (fS) is an endomorphism of
T (n) and we may define a subgroup
T kn = im(T (f{1,...,n−k})) ∩
n⋂
i=n−k+1
ker(T (f{i}))
of T (n) for any 0 6 k 6 n. We write
C(n−k,k)P (M ;G) −→ CnP (M ;G) (9.3)
for the covering space in which k copies of P are coloured red and the remaining n− k copies are
coloured green. Equivalently, this is the connected covering space of CnP (M ;G) corresponding to
the subgroup
end−1n (Σn−k × Σk) ⊆ π1(CnP (M ;G)),
where endn : π1(CnP (M ;G))→ Σn is the homomorphism that remembers just the permutation of
{[i1], . . . , [in]} induced by a path. We also write
red(n−k,k) : C(n−k,k)P (M ;G) −→ CkP (M ;G) (9.4)
for the map that forgets all green parts of a configuration.
Proposition 3.5 and Lemma 6.4 of [Pal18b] generalise directly to the following.
Proposition 9.4 Each T kn is invariant under the action of π1(C(n−k,k)P (M ;G)) on T (n), and
therefore gives a twisted coefficient system for C(n−k,k)P (M ;G). The pullback of the coefficient
system T kk along the map (9.4) is naturally isomorphic to T
k
n . There is a natural isomorphism of
Z[π1(CnP (M ;G))]-modules
T (n) ∼=
n⊕
k=0
(
Z[π1(CnP (M ;G))] ⊗
Z[π1(C(n−k,k)P (M ;G))]
T kn
)
.
Lemma 3.16 of [Pal18b] also generalises directly:
Lemma 9.5 We have deg(T ) 6 d if and only if T kn = 0 for all n > 0 and all k > d.
The final lemma that we will need before proving Theorem D is the following.
Lemma 9.6 The map (9.4) is a fibre bundle.
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Proof. By Proposition 4.15 of [Pal18a], the action of Diffc(M˚) on Emb(kP, M˚)/(G ≀Σn) is locally
retractile. By Lemma 4.6(i) of [Pal18a], the restriction of this action to the path-component of
the identity Diffc(M˚)0 is also locally retractile. This restricted action obviously fixes setwise the
path-component CkP (M ;G) ⊆ Emb(kP, M˚)/(G ≀Σn), so by Lemma 4.6(iii) of [Pal18a], the action
of Diffc(M˚)0 on CkP (M ;G) is locally retractile. Hence Theorem A of [Pal60] implies that (9.4) is
a fibre bundle.
Proof of Theorem D. The idea is exactly the same as on pages 172–173 of [Pal18b], so we just give
a sketch of how to adapt it. By Proposition 9.4, Lemma 9.5 and Shapiro’s lemma for covering
spaces (see Lemma 6.1 of [Pal18b]) there are natural isomorphisms
H∗(CnP (M ;G);T (n)) ∼=
d⊕
k=0
H∗(C(n−k,k)P (M ;G);T
k
n ). (9.5)
It therefore suffices to show that the lift of the stabilisation map
C(n−k,k)P (M ;G) −→ C(n+1−k,k)P (M ;G) (9.6)
that adds a new green copy of P to the configuration induces isomorphisms on twisted homology
with respect to the coefficient systems T kn and T
k
n+1 up to degree
n−k
2 . This stabilisation map is
a map of fibre bundles (by Lemma 9.6) over the space CkP (M ;G). Our default basepoint of this
space is {[i1], . . . , [ik]}, but for the next argument it will be more convenient to choose a different
basepoint {[i′1], . . . , [i
′
k]}, where each embedding i
′
α : P →֒M has image disjoint from the image of
the collar neighbourhood. We may then define
M ′ =M r
k⋃
α=1
i′α(P )
and take the same collar neighbourhood for M ′ as for M . The restriction of the map (9.6) to the
fibres over {[i′1], . . . , [i
′
k]} is the stabilisation map
C(n−k)P (M
′;G) −→ C(n+1−k)P (M
′;G).
There is a subtlety in this statement: it is not hard to see that there are topological embeddings
red−1(n−k,k)({[i
′
1], . . . , [i
′
k]}) red
−1
(n+1−k,k)({[i
′
1], . . . , [i
′
k]})
C(n−k)P (M
′;G) C(n+1−k)P (M
′;G)
making the square commute, defined by adjoining {[i′1], . . . , [i
′
k]} to a configuration. It remains to
see that they are surjective: this follows from Proposition 5.10 of [Pal18a]. Using this identification
and the first part of Proposition 9.4, we therefore have a map of twisted Serre spectral sequences
(cf. Proposition 5.7 of [Pal18b]), which is as follows on the E2 pages:
Hs(CkP (M ;G);Ht(C(n−k)P (M
′;G);T kk )) −→ Hs(CkP (M ;G);Ht(C(n+1−k)P (M
′;G);T kk )),
where T kk is a constant coefficient system for the fibres, and which converges to the map on twisted
homology induced by (9.6) with respect to the coefficient systems T kn and T
k
n+1. By Theorem A of
[Pal18a] and the universal coefficient theorem, the map of E2 pages is an isomorphism for t 6 n−k2 .
The Zeeman comparison theorem therefore implies that the map in the limit is also an isomorphism
up to degree n−k2 . This completes the proof of TheoremD, except for the split-injectivity statement.
The proof of split-injectivity in §7 of [Pal18b] generalises verbatim to establish the split-injectivity
statement of Theorem D.
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10. Stability for moduli spaces of labelled disconnected submanifolds
We now prove Theorem B as a corollary of Theorem D. This will be another spectral sequence
comparison argument, using a map of Serre spectral sequences induced by the square (6.1), so as
a first step we prove:
Lemma 10.1 The vertical maps in the square (6.1) are Serre fibrations.
Proof. We will show that the map CnP (M,Z;G) → CnP (M ;G) is a Serre fibration; an identical
argument will then show that the other vertical map of (6.1) is also a Serre fibration.
By assumption (see Input 6.5), the map π : Z → E is a Serre fibration and also G-equivariant.
The n-fold product πn : Zn → En is also a Serre fibration, and so is its pullback πn : Zn → En
along the inclusion En = Emb(nP, M˚) ⊂ E
n = Emb(P, Mˆ)n. Since the map πn : Zn → En is also
(G ≀Σn)-equivariant, there is an induced square
Zn Zn/(G ≀Σn)
En En/(G ≀ Σn),
pin p¯in
y
(10.1)
which is a pullback as indicated. By Propositions 4.15 and 4.8 of [Pal18a], the bottom horizontal
map is a principal (G ≀Σn)-bundle. So we know that the left-hand vertical map πn and the bottom
horizontal map in (10.1) are Serre fibrations, and the bottom horizontal map is also obviously
surjective. Thus Lemma 4.19 of [Pal18a] implies that the right-hand vertical map π¯n is also a
Serre fibration. Finally, the map CnP (M,Z;G) → CnP (M ;G) is just the restriction of π¯n to one
path-component of its source and one path-component of its target, so it is also a Serre fibration.
Let R be a ring. There is an induced map of Serre spectral sequences, converging to
H∗(CnP (M,Z;G);R) −→ H∗(CnˆP (M,Z;G);R)
and whose map of E2 pages is of the form
Hs(CnP (M ;G);Ht(f
−1
n (i{1,...,n});R)) −→ Hs(CnˆP (M ;G);Ht(f
−1
nˆ (i{0,...,n});R)),
where fn and fnˆ denote the vertical maps in the square (6.1) and where i{1,...,n} = {[i1], . . . , [in]}
and i{0,...,n} = {[i0], [i1], . . . , [in]} are the basepoints.
Remark 10.2 In this section (as in §9, see Remark 9.1) it will be more convenient to view the
targets of the stabilisation maps in (6.1) as C(n+1)P (M,Z;G) and C(n+1)P (M ;G) respectively, so
the map of Serre spectral sequences is then
H∗(CnP (M,Z;G);R) −→ H∗(C(n+1)P (M,Z;G);R) (10.2)
in the limit and
Hs(CnP (M ;G);Ht(f
−1
n (i{1,...,n});R)) −→ Hs(C(n+1)P (M ;G);Ht(f
−1
n+1(i{1,...,n+1});R)) (10.3)
on the E2 pages.
For these identifications, we use modifications of the maps γ(1) = sh1◦− : E → E and γ¯(1) : Z → Z
(cf. Definition 6.4). Namely, we choose a diffeomorphism κ : Mˆ →M (note that there is noˆon the
codomain) so that κ = sh1 onM ⊂ Mˆ . This induces a G-equivariant endomorphism κ◦− : E → E,
where we recall that E = Emb(P, Mˆ). We then choose a G-equivariant lift κ¯ : Z → Z of this so
that κ¯ = γ¯(1) on π−1(Emb(P,M)) ⊂ Z. Then the identifications
CnˆP (M ;G) ∼= C(n+1)P (M ;G) CnˆP (M,Z;G) ∼= C(n+1)P (M,Z;G)
are defined by
{[ϕ0], . . . , [ϕn]} 7−→ {[κ ◦ ϕ0], . . . , [κ ◦ ϕn]} {[z0], . . . , [zn]} 7−→ {[κ¯(z0)], . . . , [κ¯(zn)]}
respectively.
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Proposition 10.3 Suppose that R is a principal ideal domain and that the fibration π : Z → E
has path-connected fibres, whose homology is a flat R-module in each degree. Then for each t > 0
there is a functor Tt : BP (M) → Ab of degree at most t such that, up to isomorphism, the map
Tt(ιn) : Tt(n)→ Tt(n+ 1) is the map
Ht(f
−1
n (i{1,...,n});R) −→ Ht(f
−1
n+1(i{1,...,n+1});R) (10.4)
induced by the restriction of the top horizontal map of (6.1).
Proof. As in [Pal18b], write Σ for the category with objects {1, . . . , n} for non-negative integers n
(with n = 0 corresponding to the empty set) and whose morphisms are partially-defined injections.
This may be viewed as a special case of BP (M): for example, Bpt(R
3) ∼= Σ.
The map π : Z → E is G-equivariant; write π¯ : Z/G→ E/G for the induced map of orbit spaces.
Let Y be the fibre π¯−1([i0]) with basepoint [¯ı0]. Example 4.1 of [Pal18b] gives us a functor
Tt : Σ −→ Ab
such that Tt(ιn) : Tt(n) → Tt(n + 1) is the map on Ht induced by the inclusion of pointed spaces
Y n →֒ Y ×Y n = Y n+1, in other words, the map ([¯ı0],−, . . . ,−). By Lemma 4.2 and Remark 4.4 of
[Pal18b] this functor has degree at most t. There is a functor BP (M)→ Σ given by remembering
just the partial injection {[i1], . . . , [im]} 99K {[i1], . . . , [in]} induced by a path ℓ of configurations as
in Definition 9.2. Precomposition by this functor preserves the degree of functors into the category
Ab,8 so the composition
Tt : BP (M) −→ Σ −→ Ab
also has degree at most t.
The map (10.4) is induced by the composition f−1n (i{1,...,n})→ f
−1
nˆ (i{0,...,n})→ f
−1
n+1(i{1,...,n+1}),
which may equivalently be written
n∏
α=1
π¯−1([iα]) −→
n∏
α=0
π¯−1([iα]) −→
n+1∏
α=1
π¯−1([iα]),
where the first map is ([¯ı0],−, . . . ,−) and the second is a restriction of γ¯(1)
n+1 (cf. Remark 10.2),
where γ¯(r) denotes the map Z/G → Z/G induced by the G-equivariant map γ¯(r) : Z → Z. The
domain may be identified with Y n via the homeomorphism γ¯(1) × · · · × γ¯(n) and the codomain
with Y n+1 via the homeomorphism γ¯(1)×· · ·× γ¯(n+1). Under these identifications (using the fact
that γ¯ is a homomorphism), we see that (10.4) becomes the map induced on Ht by the inclusion
Y n →֒ Y × Y n, which is exactly Tt(ιn), as required.
Proof of Theorem B. The argument in §5.2 of [Pal18a] for the split-injectivity part of the statement
generalises verbatim to the setting of moduli spaces of disconnected submanifolds with labels. All
one needs, in order to apply Lemma 2 of [Dol62] to deduce split-injectivity, is to be able to define
maps
CnP (M,Z;G) −→ Sp
(nk)(CkP (M,Z;G))
satisfying a certain equation up to homotopy. Viewing CnP (M,Z;G) as a subspace of the sym-
metric power Spn(Z/G) (cf. Definition 6.6), we construct such maps as restrictions of the maps
Spn(Z/G) −→ Sp(
n
k)(Spk(Z/G))
that forget n− k points in all possible ways. Thus (10.2) is always split-injective.
It remains to prove the second part of the statement, that when π : Z → E has path-connected
fibres, p 6 12 (m− 3) and G is an open subgroup of Diff(P ), the map (10.2) is an isomorphism for
∗ 6 n2 − 1, and also for ∗ 6
n
2 if R is a field.
8 See §4.3 of [Pal17] for a more general discussion of when precomposition by a functor preserves degree.
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First let R be a field, so that every R-module is flat. Then these three assumptions, together with
Theorem D and Proposition 10.3, imply that the map (10.3) is an isomorphism for s 6 n−t2 , in
particular for total degree s+ t 6 n2 . The Zeeman comparison theorem then implies that (10.2) is
also an isomorphism for ∗ 6 n2 .
In general, if a continuous map X → Y induces isomorphisms on homology up to degree i with
all field coefficients, then it induces isomorphisms on integral homology (and therefore with any
untwisted coefficients, by the universal coefficient theorem) up to degree i − 1. This follows from
the five-lemma applied to the natural long exact sequences induced by the short exact sequences
0→ Z/(pr)→ Z/(pr+1)→ Z/(p)→ 0 0→ Z→ Q→ Q/Z ∼=
⊕
p prime
colim
r→∞
Z/(pr)→ 0
of coefficient groups. Thus the statement in the special case when R is a field implies the statement
for general R.
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